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Abstract. Approximation is central to many optimization problems and the supporting theory pro-
vides insight as well as foundation for algorithms. In this paper, we lay out a broad framework for
quantifying approximations by viewing finite- and infinite-dimensional constrained minimization prob-
lems as instances of extended real-valued lower semicontinuous functions defined on a general metric
space. Since the Attouch-Wets distance between such functions quantifies epi-convergence, we are able
to obtain estimates of optimal solutions and optimal values through estimates of that distance. In par-
ticular, we show that near-optimal and near-feasible solutions are effectively Lipschitz continuous with
modulus one in this distance. We construct a general class of approximations of extended real-valued
lower semicontinuous functions that can be made arbitrarily accurate and that involve only a finite
number of parameters under additional assumptions on the underlying metric space.
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1 Introduction

Solutions of many optimization problems are inaccessible by direct means and one is forced to settle for
solutions of approximate problems. A central challenge is then to ensure that solutions of approximate
problems are indeed approximate solutions of the original problems. Moreover, the degree of approx-
imation becomes theoretically and practically important. The subject has been studied extensively;
see, e.g., [17, 1, 23, 24] for foundations and [14, 25] for applications in machine learning and stochastic
optimization. In this paper, we quantify the error in optimal values, optimal solutions, near-optimal
solutions, and near-optimal near-feasible solutions for approximate problems defined on general metric
spaces. In particular, we obtain a sharp Lipschitz-stability result for near-optimal solutions with a
Lipschitz modulus of 1. We also construct a class of “elementary” functions called epi-splines that are
given by a finite number of parameters, but still approximate to an arbitrary level of accuracy any ex-
tended real-valued lower semicontinuous (Isc) functions defined on a separable metric space. Since such
Isc functions abstractly represent a large class of optimization problems, epi-splines therefore provide

fundamental approximations of such problems.



The development relies heavily on set-convergence of epi-graphs, which goes back to the pioneering
work of Wijsman [32, 33] and Mosco [22], and was coined epi-convergence by Wets [31]. This notion of
convergence is the only natural choice for minimization problems as it guarantees the convergence of
optimal solutions and optimal values of approximate problems to those of a limiting problem. Quan-
tification of the distance between epi-graphs, which then leads to a quantification of epi-convergence, is
placed on a firm footing in [4, 2, 5] with the development of the Attouch-Wets (aw) distance; see also
[9, 11, 12, 10]. We follow these lines and especially those of [6, 7] that utilize such quantification as the
basis for solution estimates in minimization problems. In contrast to these two papers, which deal with
normed linear spaces, we consider general metric spaces. Also, our Lipschitz-stability result for near-
optimal solutions goes beyond that of [7] as it does not require convexity, and we consider near-optimal
near-feasible solutions. We refine the estimates of distances between epi-graphs in IR" provided by [24,
Chapter 7] and [29], and also make them applicable to general metric spaces. Approximations of Isc
functions on IR™ by epi-splines is given by [27]. Here, we extend such approximations to lsc functions on
separable metric spaces and proper metric spaces, and also give rates of convergence, which are novel
even for IR". We refer to [10] for a general treatment of topologies on collections of closed sets; see also
[1, 8, 24] for comprehensive descriptions of epi-convergence and its connections to variational analysis
broadly.

Our motivation for going beyond normed linear spaces, which is the setting of [5, 6, 7], derives from
emerging applications in nonparametric statistics, curve fitting, and stochastic processes that aim to
identify an optimal function according to some criterion. A class of functions over which such optimal
fitting might take place is the collection of lsc functions on IR", often simply with n = 1; see [30, 26, 27]
for applications. The class of such lsc functions offers obvious modeling flexibility, which is important
to practitioners, but under the aw-distance the class is a proper metric space that fails to be linear [24,
Theorem 7.58]. Since it is proper, every closed ball in this metric space is compact and the existence of
solutions of such optimal fitting problems is more easily established. We observe that the metric given
to this class of Isc functions has the consequence that proximity of two functions implies closeness of
their minimizers. This property is often important in probability density estimation, where the focus
is on the modes of the density functions, i.e., the maximizers of the density functions. When fitting
cumulative distribution functions, the metric metrizes weak convergence [29]. In both of these cases
a reorientation towards upper semicontinuous functions instead of Isc functions is needed. In fact,
nearly every result in this paper can be stated in terms of extended real-valued upper semincontinuous
functions. However, we maintain the lsc perspective for simplicity.

There is an extensive literature on local stability of optimization problems under parametric per-
turbations; see for example [13, 16, 20, 19, 21, 18, 15] for a small collection of references. In contrast to
these local stability results, dealing with “small” perturbations of an optimization problem, we present
global results. That is, we give estimates of the distance between solutions of two problems that might
be arbitrarily far apart. The ability to estimate the solution of one problem from that of another rather
different problem is especially important in stochastic optimization, optimal control, and semi-infinite
programming, and their numerous applications, as there we might only be able to construct and solve
coarse approximations of the problem of interest.



The paper is organized as follows. After the review of epi-convergence in Section 2, we proceed in
Section 3 with estimates of the aw-distance. Section 4 presents bounds on solution errors for optimiza-
tion problems. Section 5 defines epi-splines and discusses their approximation properties.

2 Background

Throughout, we let (X,d) be a metric space and lsc-fens(X) == {f : X — IR : flscand f # oo},
where IR := IR U {—00,00}. Thus, every f € lsc-fcns(X) has a nonempty closed epi-graph epi f :=
{(z,20) € X xR : f(x) <zo}. For a nonempty closed B C X, we also write lsc-fcns(B) for the subset
of Isc-fens(X) consisting of functions f with f(z) = oo for all z ¢ B. When considering X x IR, we use
the product metric d(Z,9) := max{d(x,y), |zo —yo|} for T = (z,70) € X x R and § = (y, ) € X x R.
Let IV := {1,2,...}. Convergence is indicated by — regardless of type, with the being meaning clear
from the context.
We recall (see for example [1, 8, 24]) that f¥ : X — IR epi-converge to f : X — IR if and only if

for every ¥ — x, liminf f”(z") > f(z), and

for some ¥ — x,limsup (") < f(x).

Epi-convergence neither implies nor is implied by pointwise convergence. Uniform convergence en-
sures epi-convergence, but fails to handle extended real-valued functions satisfactory—a necessity in
constrained optimization problems.

For f: X - IR, C C X,and € >0, let inf f := inf{f(z) : x € X}, infc f:=inf{f(z) : =€ C},
argmin f := {z € X : f(z) =inf f}, and e-argmin f := {z € X : f(z) <inf f +¢e}. It is well known
that epi-convergence ensures convergence of solutions of minimization problems (see for example [24,
Chapter 7] and [3, 1]):

2.1 Proposition (convergence of minimizers) Suppose that f* : X — IR epi-converges to f : X — IR.
Then,
limsup (inf f¥) <inf f.

k k

Moreover, if " € argmin f” and z" — x for some increasing subsequence {vi,vs,...} C IN, then

x € argmin f and limy_,, inf f¥* = inf f.

A strengthening of epi-convergence ensures the convergence of minima and approximation of mini-
mizers (see for example [28]).

2.2 Definition (tight epi-convergence) The functions f” : X — IR epi-converge tightly to f : X — IR
if they epi-converge to f and for all € > 0, there exists a compact set K. C X and an integer v. such
that

infg, f¥ <inf f"+¢e forallv>uv,.

2.3 Proposition (convergence of infima) Suppose that f : X — IR epi-converges to f : X — IR and
inf f is finite. Then, f* epi-converges tightly to f



(i) if and only if inf f¥ — inf f;
(i) if and only if there exists a sequence ¥ \.0 such that €”-argmin f” set-converges' to argmin f.

Throughout, let Z € X be fixed. The choice of T can be made arbitrarily, but results might be sharper
if & is somewhat near minimizers of functions of interest as the analysis relies on the intersection of
epi-graphs with S, := B, x [—p, p|, where B, := B(Z,p) := {zx € X : d(Z,z) < p} and p > 0. The
Attouch-Wets (aw) distance d (given Z) is defined for any f, g € Isc-fcns(X) as

d(f,g) := /OOO dy(f,g)e"dp,
where the p-aw-distance, p > 0, is given by
d,(f,g) :=sup {!dist (:E,epi f) — dist (:Z‘,epig)‘ : T € Sp} ,
with dist giving the usual point-to-set distance, which here is given by
dist (z,C) = inf {d(z,7) : y€ C} if C C X x IR is nonempty and dist(z,0) = oo.

This setup resembles that of [24, Section 7.I], but there X = IR"™ and the Euclidean distance is used on
IR™ x IR. Generally, (Isc-fcns(X), d) is a metric space [10, Section 3.1] that is complete whenever (X, d)
is complete [10, Theorem 3.1.3]. We conclude from [10, Theorem 3.1.7] that for f”, f € lsc-fens(X),

d(f", f) — 0 implies that f” epi-converges to f.

We recall that a metric space is proper if every closed ball in that space is compact. If (X, d) is proper,
then the converse also holds: f* epi-converges to f implies that d(f", f) — 0 (see [10, Theorem 3.1.7]
and [5, Theorem 4.2, Lemma 4.3], with the latter results being stated for IR™ but their proofs carry over
to the case of proper metric spaces). In addition to X = IR™ with the usual metric, (X,d) is proper
when X = lsc-fens(R™) and d = d. In fact, (Isc-fens(/R"),d) is a proper complete separable metric
space; [24, Theorem 7.58] and [27, Corollary 3.6]. This example is a motivation for the development
due to applications in nonparametric statistics, curve fitting, and stochastic processes; see [26, 27, 30].
We use the following well-known fact repeatedly.

2.4 Lemma If (Y,dy) is a proper metric space, then argmin{dy (y,y') : v € C} # 0 for everyy € Y
and nonempty closed set C C Y.

Since the aw-distance quantifies epi-convergence, it is clear that its value for two lsc functions, or that
of its estimates, leads to bounds on the distance between optimal solutions and optimal values of the
two functions. Estimates of the aw-distance is the subject of the next section, with solutions being
dealt with in Section 4.

!The outer limit of a sequence of sets {A”},cn, denoted by limsup A, is the collection of points x to which a
subsequence of {z"},en, with 2”7 € A”, converges. The inner limit, denote by liminf A”, is the points to which a sequence
of {z"}ven, with ¥ € AY, converges. If both limits exist and are identical to A, we say that A” set-converges to A; see
(10, 24).



3 Distance Estimates

This section gives practically important estimates of the aw-distance between two lsc functions. We
begin with defining an auxiliary quantity that estimates d,. For p > 0 and f, g € Isc-fens(X), let

Jp(f, g) := max {e(epif N Sp,epig), e(epig NS, epif)},
where the excess of a set C' over a set D is given by
e(C, D) :=sup{dist(z,D) : z € C}if C,D are nonempty,

e(C, D) = o if C nonempty and D empty, and e(C, D) = 0 otherwise. Roughly speaking, clip(f, g) is
the “padding” of epig needed for it to contain epi f NS, and vice versa. The relations among d, d,,
and d, o given next extend [24, Exercise 7.60] from X = IR" to metric spaces.

3.1 Proposition (estimates of aw-distance) For f, g € Isc-fcns(X), the following holds, where we use
the notation 0y = dist((z,0),epi f) and similarly for g.

(i) d,(f,g) and (ﬂAp(f,g) are nondecreasing functions of p;
(ii) dy(f,g) —dy(f,9) < 2e(Sy,S,) for p > p > 0;
(iii) do(f,9) < d,(f.g) < dy(f.g) for p' > 2p + max{6y,d,} for p > 0;
(iv) dy(f,g) < max{ds,ds} + p for p > 0;
(v) d(f,9) 2 (1 —e?)|05 = &g + e~*d,(f, g) for p = 0;
(vi) d(f,9) < (1 — e P)dy(f,9) + e Phmax{dy, 6y} + p+ 1] for p > 0;
(vii) |65 — dg| < d(f,g) < max{dy,ds} + 1.
If (X, d) is proper, then > can be replaced by > in (iii).
Proof. See appendix. O

A nearly precise estimate of cjp is provided by the following convenient quantity, which is closely
related to the Kenmochi condition of [5]. For f, g € Isc-fens(X), p > 0, and 6 > 0, let

clii(f, g) := inf {7] >0: infpg s 9 < max{f(z),—p}+n,Vr €lev, fN B,
inf gz nts) f < max{g(x), —p} +n,Vz € lev,gN IBP},

where lev,, f = {z € X : f(z) < a}. Below, we also let dom f := {x € X : f(x) < co}. The next
proposition extends a result in [29] from X = IR" to general metric spaces.



3.2 Proposition (estimates for auxiliary quantity) For f, g € Isc-fens(X), p € [0,00), and § > 0,

d5(f,9) < dy(f.g) < dy(f.g) < co.
If (X, d) is proper, then cjg(f,g) = dip(f, g).
Proof. See appendix. O

We state next an upper bound on cfg in the case of Lipschitz continuous functions. We say that a
function f : X — IR is Lipschitz continuous with modulus & : [0,00) — [0, 00) (relative to ) if

|f(z) — f(y)| < k(p)d(z,y) for all z,y € B, and p > 0.

Parallel to cﬂ},( f,g9), we also define with a slight abuse of notation

d,(C,D) := max {e(C N IBP,D), e(D N Bp,C')}, p >0, C, D C X nonempty closed.

The next result generalizes a statement in [29] to metric spaces and also tightens it slightly. We define
for any C' C X the function ¢ : X — IR that has tc(z) = 0 if x € C and 1o (z) = oo otherwise. We
also adopt the usual convention that —oo + oo = oo.

3.3 Proposition (distance estimate for Lipschitz functions) Suppose that C, D C X are nonempty
closed sets and f,g : X — IR are Lipschitz continuous with common modulus . Then, for p € [0, 00)
and p' € (p+d,(C,D),0),

dB(f +tic, 9+ LD) < SupAp ’f - g‘ + max{l, K(p/)}CjP(C7D)

where A, = (lev,{f + c} Ulev,{g +tp}) N B,.
If (X,d) is proper, then the result also holds for p' = p + cﬂ}(C’, D).

Proof. See appendix. O
Sometimes the following asymmetric quantity is useful. For f, g € Isc-fens(X) and p > 0, let
n;r(f;g) =inf{n>0 : inf gy f < max{g(z), —p}+n Vz €lev,gN B,}.
Obviously, d3(f,g) = max{n}(f;g),n} (g; )} and n} (f; g) < max{0,supie,, g, f — g} Proposition

3.2 implies that for any f, g € Isc-fens(X), nf (f;9) < oc.

4 Solution Estimates

Since f, g € lsc-fens(X) completely define the problems mingex f(x) and min,cx g(x), and d quantifies
epi-convergence, it is clear that d(f,g) leads to estimates of |inf f — inf g| as well as some notion
of distance between argmin f and argming. In this section, we provide such estimates as well as
estimates between near-optimal solutions and near-optimal near-feasible solutions. Instead of d, we



work directly with the auxiliary quantity cig, which is simpler to estimate in most practical situations;
see for example Proposition 3.3. In view of Propositions 3.1 and 3.2, the difference between the two
quantities are anyhow small for large p. We note that the results of this section are practically more
useful when function values are scaled to be of the same order of magnitude as the parameter p.

We start by developing a result for optimal values that generalizes a statement in [6] by considering
general metric spaces, permitting empty sets of optimal solutions, and dealing with the asymmetric
quantity 7.

4.1 Theorem (approximation of optimal value) Suppose that f,g € Isc-fens(X), p € (0,00), p >
inf f > —p, and e-argmin f N B, # O for all € > 0. Then,

inf g — inf f < (9; ) < d}(F.9).
If the assumption about f also holds for g, then
|inf g — inf f| < dO(f, g).
Proof. We note that n;r(g; f) <oo. Letne (n;(g; [),00) be arbitrary. Then, for all x € lev, f N IB,,
inf g <infp,,) 9 < max{f(z), —p} +n. (1)

Set ¢9 = p—inf f > 0. Let € € (0,¢0] be arbitrary and z. € e-argmin f NIB,. Then, f(z.) <inf f+e <
inf f 4+ ¢ = p and thus z. € lev, f. Applying (1) with z = z. results in

inf g < max{f(xzc),—p} +n <max{inf f +¢e,—p}+n <inf f+ec+1n.

After letting ¢ and 7 tend to their lower limits, we obtain that inf g < inf f 471 (g; f) < inf f—i—dAg(f, g).
The final result follows after a replication of these arguments with the roles of f and g reversed. O

We observe that if argmin f N 1B, # (), then it suffices to have p > inf f > —p in Theorem 4.1.
To enable a statement about optimal solutions, we need to bring in conditioning. The next result,
which generalizes a similar statement in [6] to metric spaces, carries this out.

4.2 Theorem (approximation of optimal solutions) Suppose that f,g € Isc-fens(X) are such that
inf f,inf g € [—p, p], argmin f N B, # 0, and argmingN B, #

for some p € [0,00) and that there exists an increasing and continuous function vy : [0,00) — [0, 00),
with 1¢(0) = 0 such that

f(z) —inf f > 1/1f(dist(m,argmin f)) for all x € X.

Then,
e (argmin g N By, argmin f) < d3(f,9) + ;" (2d}(f.9)) -



Proof. From Proposition 3.2, Jg(f,g) < oo. Letne€ (afg(f, g),00) be arbitrary. For all z € lev, gNIB,,
infp(zy f < max{g(x),—p} +n. In view of the property of ¢y and the fact that infg > —p, we find
that for x € lev, g N B,

g(z) —inf f +n =max{g(z), —p} +n —inf f > inf ey f(y) —inf f
> infyep(am) wf(dist(y, argmin f))

By Theorem 4.1, inf g — inf f < n; see the comment after that theorem to establish that p is sufficently
large despite the fact that it might coincide with inf f and inf g. Thus, for x € argmin g N IB,, which of
course implies that x € lev, g, we have that

2n>infg—inf f +n=g(z) —inf f + 7
> infyep(am) ¥ (dist(y, argmin f))
> wf(infyeB(x,n) dist(y, argmin f)),

where the last inequality follows from the increasing property of ¢ ;. Therefore, we have that
infyc gz, dist (y, argmin f) < 1/1]71(27]).
Let € > 0 be arbitrary. There exists an x. € IB(z,n) such that
dist (:Cg, argmin f) < infyeB(a,y) dist (y, argmin f) +e.
These facts then imply that for « € argmin g N B,

dist(z, argmin f) < dist(z., argmin f) 4 d(x.,x) < infye g, dist (y, argmin f) +¢ 47
< 1/1]71(277) +e+n.

Since ¢ > 0 is arbitrary, we have that dist(z, argmin f) < n+ @Z)JIl(Qn). This holds for all x € argmin gN
B, and consequently
e(argmin g N B, argmin f) <1+ ¢;1(2n).

Since 1/1]71 is continuous, the conclusion follows by letting 1 tend to ({2( f,9). O

The bound is sharpe even for X = IR as demonstrated by the following example. Let f(x) = 22

and for 7 > 0 let g,(z) = (x —n)* if = € R\ ([0,20] U {n+ v/2n}), gy(x) = n if z € [0, 2n] U {n+ v2n}.
One can show that for £ = 0 and sufficiently large p, dlB(f, g) = 1. Then, argmin f = {0} and
argmin g, = [0,2n] U{n+ v/2n}. Since the conditioning function ¢ ¢(¢) = ¢* in this case, we see that the
conclusion of the theorem holds with equality when n < 2.

In practice, it is difficult to develop a conditioning function vy as required by Theorem 4.2; see
[6] for a thorough discussion. Fortunately, a strong Lipschitz-type statement can be made about near-
optimal solutions without the knowledge about such conditioning. Even for X = IR", the next result is
novel by considering different levels of near optimality for the two problems and avoiding the convexity
assumption of [7] and [24, Theorem 7.69].



4.3 Theorem (approximation of near-optimal solutions) Suppose that f,g € Isc-fcns(X), p € (0,00),
inf f € [—p, p), and y-argmin f N B, # () for all v > 0. If ¢ > 0, § > 0, and inf g € [—p, p — €], then

e(s- argmin g N B, (¢ + 27 + §)-argmin f) <17, where i = cjg(f, g)-
If in addition (X, d) is proper, then § can be set to zero.

Proof. From Proposition 3.2, cfg(f,g) <oo. Letn e (cig(f, g),00) be arbitrary. For all z € lev, gNIB,,
infp(y, f < max{g(z), —p} + 7. Let © € e-argming N IB,, which implies that z € lev,g. Since
inf g > —p, we therefore have that

inf gy [ < max{g(z), —p} +n < max{infg +&,—p} +n=infg +e+n. (2)

There exists x5 € IB(z,n) such that f(zs) < infp, ) f+ /2. From above we then have that f(zs) <
infg+e+n+9/2 <inf f+ e+ 2n+ /2, where the last inequality follows from Theorem 4.1. Thus,
x5 € (¢ + 2n + 0/2)-argmin f and dist(zx, (¢ + 2n + §/2)-argmin f) < 7. Since this holds for all
T € e-argming N B,

e(s— argmin g N B, (¢ + 2n + ¢/2)- argmin f) <.

The first conclusion then follows after letting n tend to 7.

If (X, d) is proper, then we continue from (2) as follows. Since Isc functions attains their minimum
over compact sets, there exists & € argming,,) f and thus f(Z) < infg+e+n < inff +¢e+ 2n,
where again the last inequality follows from Theorem 4.1. Consequently, & € (¢ 4+ 2n)- argmin f and
dist(z, (e+2n)-argmin f) < n. Let {n”},en be such that n” \.7j and dist(z, (¢+2n")- argmin f) < n”. In
view of Lemma 2.4, there exists y” € (e+2n")- argmin f such that d(z,y") = dist(z, (¢+2n")- argmin f).
Since {y"}, e is contained in a ball, which under the additional assumption is compact, we have that
there exists an N C IN and ¢ such that y* — g. Since d(x,y”) < n” for all v, d(x,y) < . Moreover,
f(y¥) < e+2n” for all v implies that f(y) < e+27 because f isIsc. Thus, dist(x, (¢+27)- argmin f) < 7.
Since this holds for all € e-argmin g N IB,, the second conclusion follows. O

The above bound is sharp even for X = IR. Suppose that f,g : IR — IR are given by f(x) = 1 for
x € [1,2), f(2) = —1, and f(z) = oo otherwise, and g(x) = 0 for x € [0,2] and g(x) = oo otherwise.
Obviously, f,g are Isc. Let afg be defined with £ = 0 and p > 2. Then, (fg(f, g) = 1. Clearly, z =0
is in argmin g N BB, and dist(x, 2- argmin f) = 1. In fact, e(argmin g N IB,, 2- argmin f) = 1. Moreover,
dist(z,y-argmin f) = 2 for v € [0, 2).

Theorem 4.3 leads to the following corollary about rate of convergence.

4.4 Corollary (rate of convergence to near-optimal solutions) Suppose that p € (0,00), § > & > 0,
f € Isc-fens(X), inf f € [—p,p), and y-argmin f N B, # 0 for all v > 0. If f¥ € Isc-fens(X) has
inf f¥ € [—p,p — €] for all v and cﬂAg(f”, f) — 0, then there exists an v such that

e(a—argmin [ N B,,0-argmin f) < cﬂg(f”, f) for allv > v.



Proof. By Theorem 4.3 we have that for any §g > 0 and v,
e(e— argmin f¥ N IB,, (¢ + 20" + do)- argmin f) <n", where n” = cﬂB(f”, f).

Set o = (6 —€)/2 > 0. Since n¥ — 0, there exists an ¥ such that n” < (0 —¢)/4 for all v > . Since
e+2n"+0) <e+2(6—¢)/4+(6—¢)/2 = § for such v, we have that e(e- argmin f* N 1B,, §- argmin f) <
n" for v > v, which establishes the conclusion. O

Near-optimal solutions are feasible in the sense that z € e-argmin f and inf f < oo implies that
x € dom f. We also consider near-feasibility, which is often practically relevant, and reach the following
results about level sets; see 7] for results about convex functions on normed linear spaces.

4.5 Theorem (approximation of level sets) Suppose that f, g € Isc-fens(X), p € [0,00), and § € [—p, p].
Then, for any v > 0,

e(levs g N By, levsigiy f) <01 = U;r(f; 9)
If in addition (X,d) is proper, then v can be set to zero.

Proof. We observe that nf(f;g) < oo. Let n € (n}(f;9),00) be arbitrary. For all 2 € lev,g N B,,
infp(zy f < max{g(x), —p} +n. Let x € levs g N IB,, which implies that = € lev, g. Thus,

infp(y ) [ < max{g(z), —p} +n < max{d, —p} +n=135+n. 3)

There exists -, € B(x,n) such that f(z,) < infp,) f+7/2. From above we then have that f(z,) <
§ +n+ /2. Consequently, z, € levsi, /o f and dist(z,levs i, /2 f) < 1. Since this holds for any
x € levs g N IB,, e( levs g N By,1evs i, iy/2 f) < 7. The first conclusion then follows after letting n tend
to 7.

If (X,d) is proper, then we continue from (3) as follows. Since f attain its minimum over B(z,n)
in this case, there exists & € argming, ) f and f(2) = infp,) f < 0 +n. Thus, & € levsy, f and
dist(z,levsy, f) < n. Let {n"},en be such that n” 7 and dist(x,levsy, f) < n”. In view of Lemma
2.4, there exists y” € levsy,» f such that d(z,y") = dist(x,levsyy f). Since {y”},en is contained in
a ball, which under the additional assumption is compact, we have that there exists an N C IN and ¥
such that 4 —* 4. Since d(x,y") < n” for all v, d(z, ) < i. Moreover, f(y*) < 6+n" for all v implies
that f(y) < 6+ 7 because f is Isc. Thus, dist(x,levsyy; f) < 7. Since this holds for any = € levs gNIB,,
the second conclusion follows. (|

When considering both near-optimality and near-feasibility, we adopt the following definition. For
g,0 > 0, the set of near-optimal near-feasible solutions of the problem min{ fo(z) : f(z) <0,z € X},
which of course is equivalent to? min{ fy + ¢ f<o0}, is given by

(e,0)-argmin{fo + tr<o} :={x € X : fo(z) <inf{fo + tr<o} +¢, f(z) <6}

The next results are the first ones dealing with near-optimality, near-feasibility, and the asymmetric
quantity n;r in a general setting.

2We use the slight abbreviation ¢y<o for t{zex:f(x)<o}-
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4.6 Theorem (approximation of near-optimal near-feasible solutions) For e, p,n, 19 € [0, 00), suppose
that the functions fo, go, f, g € Isc-fcns(X) satisfy

(i) supg,{g0 — fo} < mo and supp {9 — f} <17
(i) inf{fo + ty<_y} finite and inf{gy + ty<0} € [—p, p — €]
(iii) argmin{fo + tf<_p} N B, # 0 and argmin{go + tg<0} N B, # 0.
Then, for a,,> 0 and v > 0,
e((2,)-argmin{go + tgz0} 1 By (= + 7 +mo + v, )-argmin{ fo + 1y<_y}) <7

where nt =0 (fo+ ty<a—n; 9o+ tg<s) < 00
If in addition (X, d) is proper, then v can be set to zero.

Proof. First we note that n;r(fo +if<a—n; 90+ ng(;) is finite because fo + tf<q—y and go + ty<s are in
Isc-fens(X). Second, let 77 € (nt, 00). Then,

inf gz {fo + tr<a—n} < max{go(z) + ty<s(x), —p} + 7 for all z € lev,{go + ty<s} N B,.

For x € BB, satisfying go(x) < inf{go + tg<0} + € and g(z) < d, we have x € lev,{go + t4y<5}. Since
inf{go + tg<0} = —p,

inf g fo + tr<a—n}t < max{go(x) + ty<s(x), —p} + 7 < max{go(z), —p} + 1
Sinf{90+bg§0}+5+ﬁ:inpr{go+Lg§0}+5+ﬁ< 00, (4)

where the equality follows from the fact that argmin{go + tg<o} N B, # (. We next consider two cases.
First, if inf (5 5){fo + tf<a—n} is finite, then there exists y € IB(z,7) such that

fo(y) + Lfgoz—n(y) < infB(:p,ﬁ){fO + Lfgoz—n} +7/2.

Consequently,

fo(y) + ty<a—n(y) <infp,{go + tg<o} ++0+7/2
< infp,{fo + <o} +e+N+m0+7/2
<infp,{fo+tf<—p}+e+n+m+7/2,
where the last inequality follows from the fact that f(z) < —n implies that g(z) <0 for z € IB,. Since
the right-hand side above is finite, f(y) < o —n and fo(y) < infp,{fo + ty<—y} +e+ 7+ 1m0 + /2.
Since infp, {fo + ty<_y} = inf{fo + ty<_y}, we then have that
y € (e+7+m0+7/2,a)-argmin{fo + ty<—y}-

Hence,
dist (=, (e + 74 no + /2, a)- argmin{ fo + ty<_p}) < 7. (5)
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Second, we consider the other case when infp(, 7 {fo + tf<a—n} = —00. Then, there exists y € B(z,7)
such that again f(y) < a—nand fo(y) < infp,{fo+tr<—n}+e+n+mn0+7/2. Thus, also in this case,
(5) holds. Since this argument is valid for all x € B, satisfying go(x) < inf{go+tg<o}+¢ and g(z) <4,

e((e,0)-argmin{go + tg<o} N By, (€ + 7+ 1o + /2, a)- argmin{ fo + ty<_p}) < 7.

The main conclusion then follows after letting 7 tend to its lower limit of n*.
If (X, d) is proper, then we continue from (4) by recognizing that there exists y € argminp, 7 {fo +
Lf<a—n} and thus

fo(y) + ty<a—n(y) <infp {go + ty<o} + €+ 17 <infp {fo+ tp<—n} +7+m0 +c < 0.

Consequently, f(y) < a —n and fo(y) < infp,{fo + ty<—n} + 7+ 1m0 + &, or equivalently, y € (¢ +
7+ Mo, )- argmin{ fo + ty<_, }. Following the same argument as used towards the end of the proof of
Theorem 4.3, we find that the relation also holds as 7 reaches its lower limit of n* and

dist (2, (e + 0" + 10, @)- argmin{fo + ty<—y}) <™.

Since this holds for all z € B, with go(x) < inf{gg + t9<0} + € and g(z) < 6, the conclusion follows.O

We next give an estimate of 77p+ analogous to Proposition 3.3.

4.7 Proposition (bounds for Lipschitz continuous objective) Suppose that f, fo,g, g0 € Isc-fens(X),
with fo being Lipschitz continuous functions with modulus k, and inf{fo + tf<o} is finite. Then, for
a,0,p € [0,00) and p' € (p+e(levs g N B, levy f),0).

1y (fo+ tr<as go + tg<s) < max{0,sup,g fo — go} + max{1, k(o) }e(levs g N B, levy f),

where Ag =lev,{go + tg<s} N B,.
Moreover, if in addition § < p, and o > n;)"(f;g) + 9, then

e(levsg N B, levy f) < n;(f; 9).
If (X,d) is proper, o = 1} (f;g) + ¢ is permitted.

Proof. We observe that n:,r(fo + tf<a; 9o + tg<s) is finite even if go + t4<s is identical to oo and
that levy f # 0. Thus, e(levs f N By, levy f) < co. Let p' € (p+ e(levsg N By, lev, f),00), and
€€ (0,0 —p—e(levsgn By, levy, f)]. Set

Ne = max{O,supAg fo— g0} + max{1, n(p')}[e(levag NB,,lev, f) + 5].

Suppose that € lev,{go + ty<5} N B,, which implies that g(z) < 6. Since lev, f # 0, there exists
y € X such that f(y) < « and d(z,y) < inf{d(x,v") : f(¥) <o,y € X} + . Thus,

e(levs g N B, levy f) > dist(x,levy f) > d(x,y) —e.
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Consequently, d(z,y) < 7. and d(Z,y) < d(Z,z)+d(z,y) < p+e(levs gNB), lev, f)+e < p'. Combining
these facts, we find that

nf gz 1fo + tr<at < foly) = foly) — fo(z) + fo(z) — go(x) + go(7)
< w(p")d(x, y) + max{0, sup 10 fo — go} + max{go(z) + tg<s(x), —p}
< ne + max{go(z) + ty<s(z), —p}.

Thus, T);,F(fo + tp<ai 90 + tg<s) < 1e. Since this fact holds for all € > 0, the first conclusion follows.
An application of Theorem 4.5 results in the second part of the result. O

We obtain a rate of convergence result by combining Theorems 4.5, 4.6, and Proposition 4.7.

4.8 Proposition (rate of convergence to near-optimal near-feasible solutions) For § >¢ >0, a > § >
0,0 >p>0,and v € (0,a — 0), suppose that the functions fo, f§, f, f* € Isc-fens(X), with fy being
Lipschitz continuous with modulus k, satisfy

(i) inf{fo + ty<o}, inf{fo + ty<_~} are finite
(i) argmin{fo+ tf<_} N B, # 0
(iii) inf{fy + tpr<0} € [=p,p — €] for all v
(iv) argmin{ f§ + tpv<o} N B, # 0 for all v.

Ifsupp, |f§ — fol = 0 and supp, |f¥— f| = 0, as v — oo, then there exists an v such that for allv > 1,

e((e, d)-argmin{ fy + tpv<o} N B, (B, o)-argmin{ fo + Lfg_,y})
<supg, 1fo — f21 + max{1, (o)} supg, [ — /1.

Proof. There exists an © such that for all v > v, supg [y — fol < (8 —¢)/4 and

pl—p a-5—1vy B—e¢
2 2 4max{l,x(p)}

supg, |f* — | < min {%

Let v > v. We start with an application of Theorem 4.6 with f; and f* in the role of go and g,
respectively, and n = v and that theorem’s v being set to (8 — €)/4. This results in

e((e,0)-argmin{fg' +1pv<0} N By, (e + 0" + (B—e)/4+ (B —¢€)/4,a)-argmin{fo + t;<—}) < 0™, (6)

where T = n;(fo + tp<a—y; f§ +tpr<s). Next, we invoke Theorem 4.5 and conclude that

pP=p
2

e(levs f¥ N By, leva—y f) Sn;(f,f") SSUpo‘fV_f’ <

13



because « — v > d+ (=90 —7)/2 > § + n;f(f;f”). Finally, we bring in Proposition 4.7. Since
p+e(levs f¥ N By leva—y f) < p+ (p) —p)/2 < p', we conclude that the present choice of p’ suffices in
that proposition and « there is set to a —~ > 0. Thus,

nt < supg, |fo — fol + max{1,x(p") te(levs f¥ N B,,leva_v f)
< supp, |f§ — fol + max{1,x(p)} supp, |f* - f| (7)

B—¢ / p—e p—e
ST_|_max{1’l{(p)}élrrmx{l,/f(,z)’)} = 2

Thus, e + 77 + (n —¢€)/4+ (n —€)/4 < 8 and we see from (6) and (7) that the conclusion holds. 0O

We note that the proposition makes a statement about rate of convergence of near-optimal near-
feasible solutions of the approximate problem min{f§ + tfv<o} to solutions of a slightly restricted
“original” problem min{fy + tf<_}, with v > 0 arbitrarily small. The use of such a restriction allows
us to avoid possibly hard-to-verify conditions on the constraint function and its level sets.

5 Epi-Splines and Construction of Approximations

In the previous sections, we bounded the aw-distance between two given lsc functions and related such
bounds to solution estimates for the minimization problems defined by those functions. We now turn
to the construction of a function that approximates a given Isc function. In practice, approximations
of optimization problems depend on the nature of the application. We take an abstract perspective
and examine piecewise constant functions that resemble the simple functions of integration theory and
(zeroth-degree) polynomial splines from functional approximation theory. The approximating functions
are defined by a finite number of parameters. As we see below, they can be made to approximate to
an arbitrary level of accuracy any functions in lsc-fens(X) under some assumptions on X, relying on
epi-convergence and the aw-distance to formalize the meaning of accuracy. The results in this section
certainly open up computational possibilities for solving difficulty optimization problems, but also
provide new means to establish theoretical results about Isc functions through their finite-dimensional
approximations.

We adopt the notation cl A and int A for the closure and interior, respectively, of a subset A of a
topological space. The approximating functions are defined in terms a finite collection of subsets of X.

5.1 Definition (partition) A finite collection Ry, Ra, ..., Ry of open subsets of X is a partition of a
closed set B C X 1'1”U{€V:1 clRy = B and R, N Ry = () for all k # 1.

For any f: X — IR and z € X, let liminf,/ ,, f(2) := limso infepas) f(2'). Clearly, f is Isc if
liminf,/ ., f(z') > f(x) for all x € X (see for example [3, Section 2]). The approximating functions,
called epi-splines, are defined next.

5.2 Definition (epi-splines) An epi-spline s : X — IR, with partition R = {Rg}_, of a closed set
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B C X, is a function that

on each Ry, k= 1,..., N, is constant,

has s(z) = oo for x ¢ B, and for every x € X, has s(z) = liminf,/_,, s(z’).
The family of all such epi-splines is denoted by e-spl(R).

This definition straightforwardly extends from IR" to general metric spaces the one in [27]. There we
also deal with “higher-order” epi-splines involving polynomials of degrees greater than zero on each Ry,
which motivates the reference to “splines” in the name. The same possibility exists here, but we shy
away from that subject due to the complications related to extending polynomials to general metric
spaces. The reference to “epi” in the name is motivated by the choice of epi-convergence as the notion
of convergence as we see below.

Clearly, by definition, every epi-spline is Isc. The ability of epi-splines to approximate arbitrary lsc
functions relies on a refinement of the partition.

5.3 Definition (infinite refinement) A sequence {R"}5°, of partitions of a closed set B C X, with
RY = {RY}N" | is an infinite refinement of B if

for every x € B and € > 0, there exist v € IN and € (0,¢) such that
R} C B(x,¢) for every v > v and k satisfying Ry N B(x,d) # 0.

We note that this notion of refinement is local in nature, which is essential as we aim to address partitions
of unbounded sets. A sufficient condition for the existence of an infinite refinement is separability.

5.4 Proposition (existence of infinite refinement) If B C X is nonempty, separable, and solid®, then
there exists an infinite refinement of B.

Proof. Let 2° € B and B = B(2°,v) N B, v € IN. The separability of B implies that there exists a
sequence {B(27,&7)}jen, with {27},en a dense subset of B and {’},cn a dense subset of (0, 00) such
that {(z7,7)},jen is dense in B x (0,00) under the product topology. For every v, the boundedness of
BY implies that there exists a J¥ < oo such that BY C {IB(x7,¢7) 37;1 Let {M"},en be a sequence of
scalars that tend to infinity and M" > J”.

We are then ready to construct the open sets that form the partitions, which subsequently will
be shown to be an infinite refinement. For every v the process is identical. First, sort the balls
{B(27,&7) ]]Vfl in the order of nondecreasing radii and let this ordered set be {B(xzr, %)} ie.,
ik < e+t for all k =1,..., MY — 1. Second, set RY = int(BY N B(x &) and recursively

_— ((B” N B2, &3t)) \ ug;—llR;f) for k= 2,3,..., M”.

Set NV = MY + 1 and let RY,, = int(B \ B(2",v)). We observe that some RY maybe empty, but that
is immaterial. Obviously, R}, k = 1,..., NV, are open and nonoverlapping, and U,]CV:HRZ C B. Since B

3B is solid if B = cl(int B)
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is closed, we also have that U,]c\:1 clR; C B. We can conclude that R}, k = 1,..., N¥, is a partition of
B after establishing that UY", ¢l R D B. Suppose that x € B. Since B = cl(int B) (i.e., is solid), there
exist {y*},en and positive numbers {6*},en such that y* — z, 6#\0, and B(y*,é") C int B. For
every u, thereis a k, € {1, ..., N"} such that B(y*, 6“)HRZH # () as we see from the construction. Hence,
there exists z# € B(y*, 6") ﬂRZu, which, due to §* \.0, tend to x. This implies that x € U,?:l cl R} and
therefore { RY}2" is a partition of B. This holds for all v.

We next show that Definition 5.3 holds. Let x € B and € > 0. There exists a 7 > d(2°,7) + ¢
such that the collection {B(x7, &%) ]J‘/iyl contains a ball B(z7*,e7*) D IB(x,e/4) and e/* < /3. Suppose
that this ball is number k% in the sorted collections {B(x%,e/k) . v = b, v + 1,.... Consequently,
Uzil clRY D B(z,e/4) for all v > v. By construction RY C IB(z’k,&%) for all k and v. Thus, for
every v > vand k= 1,..., kY, SUPy, e Ry d(y,y') < e/3 due to the nondecreasing radii of the balls in
the sorted collections. We therefore have that R} C IB(x,¢) for every k =1,..., k¥ and v > U satisfying
R} N B(x,e/4) # 0. Since from above we know that UZ; cl R} D B(x,e/4) for all v > v, we conclude
that Ry N B(x,e/4) =0 for all k = k¥ + 1,k +2,..., N” and v > v. Consequently, Definition 5.3 holds
with 0 = ¢/4. O

The above proof provides guidance towards the construction of infinite refinements, for which there
are, of course, many possibilities. A main approximation results for epi-splines is given next, where
the approximation is in the sense of epi-convergence and pointwise convergence. The result is an
improvement over one in [27] by allowing X to be a general metric space, not only IR", and by also
establishing pointwise convergence as well as an upper bound. Later, we give a stronger conclusion of
convergence in the sense of the aw-distance under additional assumptions.

5.5 Theorem (approximation of lsc functions) If {R¥}>2, is an infinite refinement of a nonempty
closed set B C X, then for every f € Isc-fcns(B) there exist epi-splines s € e-spl(R") satisfying the
following:

(i) s epi-converges to f,
(ii) s” converges pointwise to f on X, and
(iii) s¥(z) < max{—v, f(x)} for all v and z € X.

Proof. Let f € lsc-fens(B) and R = {RY}Y” . For every v € IN and k € {1,2,..., NV}, we let
o) = min {1/, max {—I/, indeZ f}}
and construct s¥ : X — IR as follows:

s’ (z) = k:rlninNV {a,’; T E CIRZ} for x € B, and s”(z) = oo for z ¢ B.

For every v € IN, the open sets R}, k = 1,...,N¥, are disjoint. Thus, if z,z’ € R}, then s¥(z) =
s¥(z') = o, and s” is constant on RY. If z € B, but not in R} for any k = 1,..., N”, then for the set
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K¥(x)={k : v €cR;} C{l,..,N"} we have that s"(x) = min{o} : k€ K"(x)}. Moreover, there
exists 6¥ > 0 such that (Upggv(y) cl RY) N IB(x,6") = (). This implies that limgs o infc gz s7(2") =
s¥(x), which establishes that s € e-spl(R").

We next show epi-convergence of s to f. Let x € B be arbitrary. By the Isc of f, for every € > 0
there exists § > 0 such that f(z') > f(z) — e whenever 2’ € B(z,d). Consequently,

o} > min {1/, infer ry f} > min{v, f(z) — e} when R} C B(z,0).

Since {R"}>2, is an infinite refinement, there exists a 7 and dy € (0,d) such that R} C B(x,d) for
every v > i and k satisfying R} N B(x,dy) # 0. Consequently, for 2/ € BN B(z,dy/2) and v > 7,
s¥(2) = k_llninNU {O'Z c 2’ ed RZ} > min{v, f(z) — e}

because every k and v > » with 2’ € cl R} must also have R} C B(z,0). For 2/ € B(x,0/2) \
B, s”(2') = oo. These fact establishes that, for every sequence z¥ — z € B, liminfs”(z") >
liminf min{v, f(x) — e} = f(z) — e, where the possibility that f(z) = oo is included. Since ¢ is ar-
bitrary, liminfs”(x”) > f(z). This inequality also holds for =z ¢ B also because B is closed and
s¥ = f =00 on X \ B. Next, again let x € B be arbitrary. By construction,

s'(x) < of < max{ — v, info ry f} for every k satisfying x € cl R}.

Hence, s”(z) < max{—v, f(x)}. Set ¥ = z for all v and we obtain that limsup s¥(2") = limsup s”(z) <
f(z). If © &€ B, then f(x) = oo and the previous inequality holds trivially for any x”. Thus, we have
established epi-convergence of s” to f.

Since liminf s¥(z) > f(x) holds by virtue of the established epi-convergence, we also have that
s’(x) — f(x) for all z € X, which establishes the pointwise convergence. The fact that s”(z) <
max{—v, f(x)} for all z € X is settled already. O

The proof of Theorem 5.5 is constructive. Given a partition {Rk}{f:l, an approximating epi-spline
to a lsc function f is essentially the piecewise constant function given at x € Ry, by infg, f.

We next examine approximation of functions in lsc-fens(X) by epi-splines in the sense of the aw-
distance, which requires us to adopt a “uniformity” requirement on infinite refinements. As we see
below, this imposes further restrictions on the underlying space (X, d).

5.6 Definition (locally uniform infinite refinement) A sequence {R"}>2, of partitions of a closed set
B C X, with RV = {RY}}", | is a locally uniform infinite refinement of B if

for every x € B,p > 0, and € > 0, there exists a v € IN such that

R}y C B(y,¢) for every y € B(x,p) N B,v > v, and k satisfying y € cl Ry..

It should be apparent that a locally uniform infinite refinement is also an infinite refinement. A locally
uniform infinite refinement needs to have v that applies not only at a single point z, as in the case of
an infinite refinement, but for all points in arbitrarily large balls. Naturally, compactness ensures such
a property as established next.
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5.7 Proposition (sufficient condition for locally uniform infinite refinement) There exists a locally
uniform infinite refinement of every nonempty solid set B C X for which BN IB(x,r) is compact for all
x € B andr > 0.

Proof. Let 2 € B, v € IN, and BY = B(z°,v) N B. Since BY is compact, there exists M” < oo and
{a»*}M7 C BY such that UM B(2*,1/v) D BY. Set RY = int(B” N B(z**!,1/v)) and recursively

RY = int ((B” N B(x"*, 1/v)) \uf;llR,”) for k= 2,3, ..., M.

Set NV = MY + 1 and let RY,, = int(B \ B(z"v)). We observe that some RY maybe empty, but that
is immaterial. Obviously, R}, k = 1,..., N¥, are open and nonoverlapping, and UgilRZ C B. Since B
is closed, we also have that UQZI cl R C B. We conclude that U,{CV:UI cl Ry D B after following the same
argument as in the proof of Proposition 5.4. Therefore, {RZ}{CV:Ul is a partition of B.

We next show that Definition 5.6 holds. Let z € B, p > 0, and € > 0. Set v equal to the smallest
integer no smaller than max{2/e, d(x, 2°)+e+p}. By construction, for every v > vand k = 1,..., N —
sup{d(y,y') : y,¥ € R}} < e. Moreover, for such v, B(y,e) N B C B” for all y € B(z,p) N B and
therefore R} C IB(y,e) whenever y € cl R} and y € IB(x, p) N B. This establishes the result. O

Next we strengthen Theorem 5.5 by considering the aw-distance. We say that an epi-spline s on
X is rational if s(z) is a rational number for every x € doms. The subset of rational epi-splines in
e-spl(R) is denoted by r-spl(R).

5.8 Theorem (rational epi-splines dense in lsc functions) If {R"}52, is a locally uniform infinite
refinement of a nonempty closed set B C X, then

U r-spl(R") is dense in (Isc-fens(B), d).

Proof. Let f € lsc-fens(B) and R” = {RY}N",. For every v € IN and RY, k = 1,2,..., N”, with
inf gy [ finite, let g be a rational number in [inf RY f—1/v,inf RY fl. Let of = min {v, max {—v,q}}.
Forv e INand R}, k=1,2,..., N, with infclRZ f = o0, set 0 = v and for infclRZ f=—ocoset o] = —v.
We proceed by constructing s¥ : X — IR as follows:

s¥(x) = k:r1n..%.an {a,’; C T € CIRZ} for x € B, and s"(z) = oo for z ¢ B.

A replication of the arguments in the proof of Theorem 5.5 establishes that s € r-spl(RY).
We next show that for any p > 0, cﬂ?,(s”, f) = 0 as v — oo. By construction, if inf ry [ is finite,
then

s'(z) <of <max{ —v,q} <max{—v, infe Ry f} < max{—v, f(z)} when z € cl R}.

If info gy f = oo, then s¥(x) < v for x € clR}. Since this holds for all £k = 1,...,N¥, s(z) <
max{—v, f(z)} for x € X. For v > p, x € X, and n =0,

infB(m,n) s = s"(z) < max{f(z), —v} +n < max{f(z), —p} + 1.
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Therefore even 1 = 0 satisfies the second collection of constraints in the definition of cig(s“, f). We now
turn to the other constraints in the definition with the roles of s and f reversed. Let € > 0 and z € B.
Since {R"}72, is a locally uniform infinite refinement, there exists a 7 € IN such that R} C IB(x,¢)
for every x € BN IB(z,d(%,2) + p), v > v, and k satisfying @ € clR}. Let x € lev,s” N B, and
v > max{p,v}. Since d(z,2) < d(z,z)+d(Z,2) < p+d(Z,z), r € BN IB(z,d(Z, z)+ p). There exists a
ki € {1,..., N"} such that = € cl R}, and indeZ5 f < s”(x) 4+ 1/v due to the fact that s"(z) < p < v.
Since k% is one of possibly several k for which R} C IB(z, ) holds, we obtain that for v > max{p,7,1/¢},

infp(e) f < infary, f<s'(z) +e < max{s"(z), —p} +e.

Consequently, the first collection of constraints in the definition of cﬂB(s” , ) is satisfied with n = . We
then have that Jg(s”,f) < e for all v > max{p,7,1/e}. Since £ > 0 is arbitrary, we conclude that
cfg(s”, f) — 0 as v — oco. By Propositions 3.1 and 3.2, this suffices to establish that d(s”, f) — 0. O

Next, we give a rate of convergence result for epi-splines, which is novel even for IR". The error in
approximation of a lsc function by an epi-spline is bounded by the “size” of the open sets making up
its partition. Specifically, for a partition R = {Rk}ff:l of a nonempty closed set B C X and p > 0, we
define its meshsize as

mp(R) :=inf {n >0 : Ry C B(z,n) for all z € BN B, and k satisfying = € cl Ry }.

5.9 Theorem (rate of convergence of epi-splines) For a partition R = {R}Y_, of a nonempty closed
set B C X and p > 0, we have that

for every f € Isc-fcns(B), there exists an s € e-spl(R) such that dB(s, f) <m,(R).

If my(R) > 0, then s can be selected to be rational.

Proof. Let f € Isc-fens(B). We start with the case of m,(R) > 0 and set 7 > max{m,(R), p}. For
every Ry, k =1,2,..., N, with inf, g, f finite, let g, be a rational number in [inf g, f—m,(R),infq g, f].
Moreover, let o4, = min {7, max {—7, ¢ }}. For Ry, k =1,2,...,N, with infy g, f = o0, set o, = 7 and
for info g, f = —oo set o = —. We proceed by constructing s : X — IR as follows:

s(z) = k:I{linN {ak S Cle} for v € B, and s(z) = oo for = € B.
By the same arguments as in the proof of Theorem 5.5, we conclude that s € r-spl(R).

We next establish the approximation error associated with s. Mimicking the lines of reasoning in
the proof of Theorem 5.8, we obtain that infp,,) s < max{f(x),—p} + n holds with n = 0 for all
x € X. Next we reverse the roles of s and f. Let x € lev,s N IB,. Certainly, all k¥ with = € cl R, has
Ry, C B(x,mp(R)). There exists a k, such that z € cl Ry, and infq g, f < s(x)+m,(R) due to the
fact that s(x) < p < v. Since k, is one of possibly several k for which Ry, C IB(x,m,(R)) holds, we
obtain that

infB(m,mp(’R)) f< infclex [ < 5(33) + mp(R) < max{s(x), *p} + mP(R)
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We can therefore conclude that clig(s, f) <m,(R) when m,y(R) > 0. If m,(R) = 0, the same arguments
hold except that g, could be irrational and s € e-spl(R). O

An example illustrates Theorem 5.9. In optimization over X approximations might arise from
approximations of X by a simpler set, say X. As seen in Proposition 3.3, the error introduced by this
approximation is largely given by d p(f( , X ). To make this concrete, let (X, d) = (Isc-fens(IR"), d) and
R be a partition of IR"™ that defines the simpler set X = e-spl(R). We recall from Propositions 3.1 and
3.2 (applied with X = R"™ and & = 0) that for f € Isc-fens(R™) and s € e-spl(R),

d(s, f) < (1-— e*“’)clgl(s,f) + e 7[max{ds,d¢} + v + 1] for any v > 0,

where 0, = dist(0,epis), 67 = dist(0,epi f), and 7' > 2y + max{d,,d¢}. For every f € lsc-fens(IR™)
there exists by Theorem 5.9 an sy € e-spl(R) such that Jg,(s 7.f) < my(R). Moreover, there exists a
6 > sup{max{ds,,ds} : f € lsc-fens(IR") N IB,}. For every v > 0 and f € Isc-fens(IR™) N 1B, we have
then

dist(f, e-spl(R)) < (s, f) < (1 — e~ ")man45(R) + 70 + 5+ 1.
Thus,

ciip(e—spl(R), Isc-fens(IR™)) < (1 — e 7)may4s(R) + €77 [0 + v+ 1].

We end the section with an observation that the existence of a locally uniform infinite refinement

is intimately tied to compactness of balls; Proposition 5.7 shows that such compactness is a sufficient
conditions. The fact that it is also necessary when B is complete is stated next.

5.10 Proposition (necessary condition for locally uniform infinite refinement) If there exists a locally
uniform infinite refinement of a nonempty closed set B C X and B is complete, then every closed ball
in X must have a compact intersection with B.

Proof. By Theorem 5.8, the assumption implies that (lsc-fcns(B),d) is separable. In view of [10,
Theorem 3.1.4] we know that this takes place if and only if closed and bounded subsets of (B,d) are
totally bounded. Thus, closed balls in X intersected with B are totally bounded. Their compactness
then follows from the assumption of completeness. O

Appendix

Proof of Proposition 3.1. Item (i) follows immediately from the definitions. For (ii), first observe

that for a nonempty set C C X x IR and Z,y € X x IR we have for any z € C, dist(z,C) < d(z,z) <
d(Z,7) + d(7, Z). Minimizing over z € C, we obtain that dist(z, C) < d(z, ) + dist(7, C) and thus

| dist(7, C) — dist(g, C)| < d(z, 7).
Second, in the notation h(z) = |dist(z, C) — dist(z, D)| for nonempty C, D C X x IR, we have that

\W(z) — h(g)] < |[dist(z, C) — dist(z, D)] — [dist(7, C) — dist(g, D)]|
< | dist(z, C) — dist (g, C)| + | dist(z, D) — dist(7, D)| < 2d(Z, 7).
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Let € > 0. For every § € Sy, there exists an Z € S, such that d(z,7) < e(S,,S,) + . Combining these
last two facts and replacing C' and D by epi-graphs, we obtain that

dy(f,9) =sup{|dist(y, epi f) — dist(y,epig)| : § €Sy}
<sup{| dist(z,epi f) — dist(z,epig)| +2e(Sy,S,) +e : TES,} =d,y(f, g9)+2e(Sy,Sy) + ¢,

which establishes (ii) after realizing that ¢ > 0 is arbitrary.
Next consider (iii). Suppose that C, D C X x IR are nonempty closed, ¢ > 0, and p > 0. We first
show that

dist(-, D) < dist(-,C) 4+ € on S, implies that C NS, C DF :={z € X x R : dist(z, D) < &}.

The claim is trivial if C'N'S, is empty. For nonempty C'N'S,, we have for every £ € C NS, that
dist(z, D) < e and the implication follows. The translation of this fact to the context of epi-graphs
establishes the lower bound in (iii). Second, we establish that

C NS, C DF implies dist(-, D) < dist(-,C) +¢ on S, for p' > 2p + dist((Z,0), C). (8)

For 2 € CNS,y C DI and z € X x IR, dist(z, D) < d(z, z) + dist(z, D) < d(, ) + £. The minimization
over z € C NS, gives that
dist(z, D) < dist(z,CNSy) + €. 9)

This holds trivially if C NS, = (. Suppose that Z € S, and p’ > 2p+dist((z,0),C). For every v, there
exists ¥ € C such that d(z, ") < dist(z,C) + 1/v. Moreover,

d((2,0),7") < d((2,0),z) +d(z,7") = d((z,0),z) + dist(z,C) + 1 /v
i _

((%,0),7) + d(z, (7,0)) + dist((7,0),C) + 1/v < p+ p+ dist((&,0),C) + 1/v.

Since p’ > 2p + dist((Z,0), C), there exists a v such that g € C'NS, for all v > v. For such v,

dist(z,CNSy) < d(z,y”) < dist(z,C) + 1/v.

Letting v — oo in this expression and observing that dist(z,C'NS,) > dist(z, C') generally, we obtain
that dist(z, CNS,) = dist(z, C), which together with (9) establishes (8). The implication in (8) directly
confirms the upper bound in (iii). If (X, d) is proper, then in view of Lemma 2.4 we can take g above
to satisfy d(z,y") = dist(z,C) for all v. Thus, the need for the 1/v term vanishes and the stronger
statement given at the end of the theorem is established.

Item (iv) follows trivially from the definition of d,. For (v) and (vi), we follow the lines of arguments
in the proof of [24, Lemma 4.41]. Clearly,

p 00
d(f,g) = /0 d, (f. g)e "dr + / d.(f. g)c " dr.
p

Since d,(f, g) is nondecreasing as 7 increases, we have that

do(f.9) / " erar < / " (f, g)edr < d,(f.9) / "o ar

0 0
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and

dy(f9) [ edr< [T dilpgedr < [ max(sy.0,} + vle
p p p

where the last inequality follows (iv). Carrying out the integrations on the left- and right-hand sides,
we obtain (v) and (vi).

The lower bound in (vii) is obtained by letting p tend to infinity in (v). Item (vi) with p = 0
furnishes the upper bound. O

Proof of Proposition 3.2. We start by establishing the finiteness of cﬂAg(f, g) for any p > 0. Since f,g €
Isc-fens(X), there exist &, § € X such that g(z), f(y) < oo. Let 7 = p+max{d(z, z),d(Z,y),9(Z), f(9)},
which is finite. Then, for = € lev, f N B,, d(z,z) < d(z,%) + d(2,2) < p+ (7 —p) = 7 and
thus infp,q 9 < 9(Z) < 17— p < max{f(z),—p} + 7. Likewise, for x € lev,g N B, infgu ;) f <
max{g(x),—p} +17. Thus, cﬂB( f,9) < ﬁ,Awhich establishes the rightmost inequality.

Obviously, d,(f,g9) =inf{n >0 : d,(f,g) < n}, which in view of the minimization taking place in
the definition of cﬂAg( f,g) motivates the examination of the relation cﬂ}( fyg) < nforp>0. It follows
directly from the definition of d, that

cﬂ},(f,g) < n if and only if dist(Z,epig) <n VZ € epi f NS, and dist(Z,epi f) <n VT €epigNS,,
which in turn is equivalent to having
(epif) NS, C D;;'(g) and (epig) NS, C D,‘;(f),

where D (f) == {Z € X x R : dist(Z,epif) < 1} and similarly for D,/ (g). By virtue of being
defined in terms of distance to an epigraph, we have that (x,yy) € D;]r (g) implies (z,xg) € D,J{ (g) for
all zg > yg. Thus,

(epi f) ns, C D;‘(g) if and only if (z, f,(z)) € D;]F(g) for all € dom f,,,

where the function f, : X — IR is given by f,(z) = max{f(z), —p} if x € lev, f N B, and f,(z) = oo
otherwise. By definition, a point (x,z() € D:{(g) if and only if dist((z,x0),epig) < n. The latter
condition is more explicitly stated as

inf { max{d(x,y), |zo —yo|} : 9(v) <vo,y € X,yo € R} <n.

We are now in a position to establish the lower bound and let § > 0. Collecting the above facts, we
find that if d,(f,g) <7, then

inf { max{d(x,y), |fo(x) —vol} : 9(¥) <yo,y € X, 90 € JR} < n for z € dom f,.

Let € dom f,. Hence, for every ¢ € (0,0], there exists (ye,yo0-) € X x R such that g(y:) < o,
d(z,y.) <n+e,and |fy(x) — yoe| < n+e. Consequently, g(y.) < fo(x) +n+¢c and y. € B(z,n+¢).
Moreover, infp 159 < infpunte g < fp(x) +n+e. Since this relation holds for all ¢ € (0, 4],
inf gy yt6) 9 < fo(x) +n for x € dom f,. A parallel development gives identical results with the roles
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of f and g reversed, where we let g,(x) = max{g(x), —p} if x € lev,g N B, and g,(x) = co otherwise.
Specifically, we have that infg(,,416) f < gp(z) +7n for z € domg,. Since z € dom f, if and only if
x € lev, f N IB,, we also have that

infg(zmts) 9 < fo(z) +n for x € lev, f N IB,.

and similarly
inf g i) [ < gp(x) + 1 for x € lev, g N B,
The lower bound then follows after observing that these relations hold, in particular, for n = d o(f59).
Next, we address the upper bound. Suppose that 1 > 0 satisfies
inf gy, 9 < max{f(z), —p} +n,Vz € lev, f N B,.

As above, this means that infp, ) g < f,(z) + 7 for z € dom f,. We now examine this relation for a
fixed € dom f,. For every € > 0, there exists a y. € X such that d(z,y.) <n and g(y:) < f, + 1 +e.

Set yoe = max{g(ye), fp(x) —n —e}. Thus, g(yc) < yoe and
fo(@) —yoe < fp(x) = (fo(x) —m—¢€) =n+e.
Moreover, |f,(z) — yoe| < n+e. We have therefore established that

max{d(x,ye), | fp(x) — yoe|} <1+ e and g(y:) < yoe-

Since this holds for all € > 0,
inf { max{d(z,y), |fo(z) —yol} : 9(y) <yo,y € X,y € IR} < for x € dom f,.

Equivalently, (z, f,(z)) € DTJ]r (g) for € dom f,. A parallel development with the roles of f and g
reversed, leads to (z,g,(z)) € D;f (f) for # € domg,. The implications established in the beginning
of the proof show that we then must have that cfp(f,g) < 7. In view of the definition of Jg(f,g),
it is possible to repeat the above arguments with n replaced by n” and have n”\cig( fyg) as well as
d,(f,g9) <n”. This established the upper bound of the theorem.

We next consider the last assertion under the additional assumption that the space is proper. Again,
suppose that cﬂAp(ﬁ g) < n and, thus,

dist((z, f,(x)),epig) < n for x € dom f, and dist((x, g,(x)),epi f) < n for € dom g,.

Fix 2 € dom f,. By Lemma 2.4 and the fact that epig is a nonempty closed set, there exists (y*, y;) €
X xR, with g(y*) < yp, such that 1 > dist((=, f,(2)), epig) = d((=, fo(2)), (v*, y5)). Hence, d(z,y*) <n
and |f,(x) — y5| < m, which leads to g(y*) < f,(x) + nand y* € B(x,n). This fact and a parallel
development with the roles of ¢ and f reversed give that

infp(y 9 < fo(z) +n for € dom f, and infp(,,) f < g,(z) +n for € dom g,,.

23



Repeating the last lines of reasoning that lead to the lower bound on d o(f,9), we conclude that under
the additional assumption, the lower bound can be improved to Jg( 1, 9). O

Proof of Proposition 3.3. We observe that cip(C, D) < oo since C, D are nonempty. Let p € [0, 00),
p € (p+d,(C,D),0), and ¢ € (0,p' — p—d,(C, D)]. Set

ne =supy |f — g+ max{1,k(p)} |d,(C,D) +¢|.
First, we establish that

inf gy ylg +tp} < max{f(z)+ ic(z), —p} + ne for x € lev,{f +1c} N B,.

Suppose that = € lev,{f + tc} N IB,, which of course implies that € C. There exists a y € D such
that d(z,y) < inf{d(z,y') : ¥ € D} 4+ ¢. Thus, d,(C,D) > e(C N B,, D) > dist(x, D) > d(z,y) — ¢
and d(x,y) < n.. Moreover, d(z,y) < d(Z,z) + d(z,y) < p+ JP(C, D) + e < p/. These facts and the
Lipschitz continuity of g on IB, imply that

< g) +en(y) =9(y) = g(y) —g9(z) + g(z) — f(z) + f(z)
< w(p)d(z,y) +supy, |f — g + max{f(z) + c(z), —p}
max{f(z) + tc(z), —p} + ne,

infB(x,na){g + LD}

IN

which establishes the first claim. Second, following a parallel argument, we realize that

inf g(zn)1f + 1o} < max{g(x) +tp(x), —p} +ne for z € lev,{g +tp} N IB,,.

Consequently, ng( fy9) < me. Since this holds for arbitrarily small € > 0, the main conclusion follows.
If (X, d) is proper, then the minimum distance between a point and a nonempty closed set is attained
and the above arguments hold with e = 0; see Lemma 2.4. This establishes that p' = p + (ﬂ},(C, D) is
permitted in this case. O
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